Abstract. The category theory provides possibilities to model many important features of computer science. We used the symmetric monoidal closed category for the construction of a model of linear type theory. Toposes as specific categories make it possible to model theories over types. In this article we prove that topos is symmetric monoidal closed category. This fact will allow us to use topos in the role of symmetric monoidal closed category -for construction of the models of the type theory.
Introduction
The objective of our article is to show that toposes have properties of symmetric monoidal closed categories. Toposes are special categories -cartesian closed categories with some extra structure which produce an object of subobject for each object [1] . This structure makes toposes more like the category of sets than cartesian closed categories generally are. Toposes have proved attractive for the purpose of modeling computations. If we want a topos to be a generalized mathematical theory, we suppose that a set of hypotheses or axioms are formulated in predicate logic. They implicitly define some kind of structure of a general theory defined by axioms formulated possibly in higher-order logic [2] . An elementary topos is one whose axioms are formulated in the first-order logic, i.e. an elementary topos is the generalized axiomatic set theory [3] . On the other hand, toposes have many important properties for expressing and modeling the logic. The category-theoretic notion of a topos is called upon to study the syntax and semantics of higher-order logic, too. Then syntactical systems of logic are replaced by toposes and models by functors on those toposes. We constructed a model of first-order linear logic [4] ; we also introduced syntax of basic logical language and showed one of the ways of interpreting the semantics of that language in topos [5] .The description of program behavior based on coalgebras in toposes we introduced in [6] . The language of linear logic can be also very suitable for behavior of semantic web [7] .
In the literature there are many approaches to the semantics of linear logic. The first and the simplest is the phase semantics by Girard [8] ; further there are consequence algebras, quantales [9] , coherence spaces, resource semantics [10] and many others. We constructed the model also in symmetric monoidal closed category as semantics for introduced linear logic because for any symmetric monoidal closed category there is a linear type theory whose model is this category [11, 12] .
In [4] we constructed the model of first-order linear logic and model of the higher-order linear logic without exponentials in toposes. We showed a simpler way to construct those models. Because toposes are very useful for expressing the linear logic, we would like to extend our model for the exponential operators of linear logic, as well. For this purpose we want to show that topos is also a symmetric monoidal closed category, so in our approach we would be able to use the properties of symmetric monoidal closed categories for expressing the exponential operators.
Basic notions
In this section we briefly introduce notions of symmetric monoidal closed categories and toposes.
Category theory
A category C is a mathematical structure consisting of objects, e.g.
, from a category C into a category D is a morphism which preserves the structure.
Symmetric monoidal closed categories
Symmetric monoidal closed categories are special categories which have been used for expressing the semantics of linear logic [2, 11] . There are also other approaches, like phase semantics, consequence algebras, quantales, coherence spaces, resource semantics and many others.
In our approach we prefer symmetric monoidal closed category as semantics for intuitionistic linear logic because symmetric monoidal closed categories are a generalization of type representation in cartesian closed categories. It also holds that every consequence algebra and quantale is a symmetric monoidal closed category when they are viewed as categories, and for any symmetric monoidal closed category there is a linear type theory whose model is this category.
A monoidal category ( ) r l a I , , , ,⊗ C (or C for simple) consists of:
, :
, ,
are objects of category C . The first isomorphism express the associativity of tensor functor, the two latter the left and right neutral element of it. They also have to satisfy the coherence axioms expressed by the following commutative diagrams at Figure 1 (the triangle) and at Figure 2 (the pentagon). 
In [13] we have defined linear type theory and its interpretation in category. The interpretation of linear type theory we constructed in the symmetric monoidal closed category as a pair of functions ( )
where B is the set of basic types, F is the set of function symbols and E is the set of axioms. Then
Toposes are symmetric monoidal closed categories
is the type interpretation function, and ( ) ( ) ( )
is the function interpretation mapping (defined for the function symbol F f ∈ of the form B A f → :
). For example, if C is a category with finite products then the tensor product ' ⊗ ' is given by Cartesian category product, I is a terminal object of category C and natural isomorphisms are expressed by appropriate combinations of projection morphisms and pairing.
Toposes
Toposes are special kind of category defined by axioms saying roughly that certain construction one can make with sets can be done in category theory [12] . A topos is a category E which satisfies the following properties:
1. E has a terminal object 1 , and for every corner of morphisms Y Z X ← → in E there is a pullback ( Figure 5 ). . For each object X , the unique morphism to the terminal object 1 we denote
. In 3), the morphism
is called evaluation, and the morphism
. The object X Ω is the exponential of Ω by X . For each object X we have an exponential functor ( ) E E → − : , X Hom which is s right adjoint to the functor X × − , so the topos is a Cartesian closed category [3] .
Topos is symmetric monoidal closed category
We constructed a model of multiplicative fragment ( )
of linear logic in topos. We would like to extend this model by exponential operators of course (!) and why not (?). We need to express the linear exponential operators in linear exponential monad which is constructed over the topos. The linear exponential monad is usually constructed over symmetric monoidal closed category.
Our objective is to sow that topos has properties of symmetric monoidal closed category because we would like to extend our model of linear logic by exponential operators constructed in topos.
Topos has a subobject classifier. It is a special object Ω of a category together with monomorphism true . A subobject classifier classifies subobjects of a given object according to which elements belong to the subobject. Because of this role, the subobject classifier is also referred to as the truth value object [14] . In fact the way in which the subobject classifier classifies subobjects of a given object, is by assigning the values true to elements belonging to the subobject in question, and false to elements not belonging to the subobject. This is the way the subobject classifier is widely used in the categorical description of logic. Now we formulate the proof, that topos is also a symmetric monoidal closed category. This property is important when we want to construct a model of linear logic as topos. So we formulate the proposition: A topos is symmetric monoidal closed category.
Proof. Let E be the topos. We have to prove that E is the symmetric monoidal closed category. So we have to prove that E satisfies the definition of symmetric monoidal closed category.
Category C in definition of symmetric monoidal closed category is a Cartesian closed category [11] . According to the definition of topos is E also Cartesian closed category.
Tensor product ' ⊗ ' has a form
. Terminal object I of category C is neutral element of the tensor product. A product ' × ' in topos corresponds to the tensor functor:
The product has neutral element 1 which is the terminal object of topos E [3] . Tensor product is associative [11] . The category C has the isomorphism expressing the associativity of tensor product
. As the topos is cartesian closed category, from the properties of product and from the definition of category, we formulate the associativity in topos as an isomorphism
by the following way:
The left and right neutral element of the tensor product is given by isomorphisms A l and A r . In topos E from the properties of product we define isomorphisms . :
The following equations also hold: 
Conclusions
In our paper we formulated basic aspects about the topos theory needed for our approach of scientific problem solving. We presented a proof that topos has properties of symmetric monoidal closed categories. Our next goal will be the construction of model of linear logic with its exponential operators of course and why not by using that property of topos.
